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Aplicación para la enseñanza de la elipse de polarización 
 Camilo Cano1, *, Santiago Echeverri-Chacón2, 3, Carlos Cuartas-Vélez1, Luciano Angel1, René Restrepo1 
1. Applied Optics Group, Escuela de Ciencias, Universidad EAFIT, Medellín, Colombia 
2. Department of Photonics Engineering, Technical University of Denmark, 2800 Kgs. Lyngby, Denmark 
3. Mellanox Technologies Denmark ApS, 4000 Roskilde, Denmark (*) E-mail: ccanoba@eafit.edu.co  Received: 18/12/2017 Accepted 06/07/2018 DOI: 10.7149/OPA.51.3.50307 
ABSTRACT: This paper describes the development of a computational application that calculates the configuration of a polarization state generator, according to the parameters of a desired polarization ellipse. The most general way to describe the polarization state of light is an ellipse, however, it is rarely used in practical courses in which applications are limited to the case of linear or circular polarization. To generate a desired polarization ellipse, a polarizer and a pair of retarders of λ/2 and λ/4 can be used, the problem is to determine the angle of rotation of the retarders. We present an open source algorithm to calculate these angles by using a minimization method applied to the Jones calculus description of polarizing elements. This development aims to help research and education activities to promote a more practical understanding of the polarimetric properties of light. 
Key words: Polarization ellipse; Jones calculus; Minimization. 
RESUMEN: En este trabajo se presenta el desarrollo de una aplicación computacional que permite determinar la configuración de un generador de estados de polarización en función de los parámetros de una elipse de polarización deseada. La manera más general de describir la polarización de la luz es una elipse, sin embargo, este estado rara vez se aborda en un curso práctico en los cuales las aplicaciones se limitan al caso de la polarización lineal o circular. Para generar una elipse de polarización deseada se puede utilizar un polarizador y un par de retardadores de 𝜆/2 y 𝜆/4, el problema está en determinar a qué ángulo deben estar ubicados los retardadores. Se presenta un algoritmo de acceso libre que calcula estos ángulos mediante un método de minimización aplicado al cálculo de Jones. Este desarrollo va dirigido a actividades de investigación y educación, para promover una comprensión práctica de las propiedades polarimétricas de la luz. 
Palabras clave: Elipse de polarización; Cálculo de Jones; Minimización. 
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1. Introduction  Optics is one of the main branches of physics, and is related to the study of different properties of light and its interaction with matter [1]. Some of the several applications in optics are related to the polarization of light [2-4]. Since its discovery, polarization has become a powerful tool for studying many kinds of minerals [5-7], and nowadays it is used for the evaluation of biologicals tissues, like connective tissue which is rich in collagen, allowing the early identification of diseases like cancer [8-10]. Due to the wide range of polarized light measurement applications, it has become an important subject in several university level courses, not only in physics but in other areas such as geology and biology. Most polarization measurement techniques make use of an ellipsometer or polarimeter. These scientific instruments allow the measurement of changes in the polarization state of light when it interacts with an optically active substance [11]. Most applications based on polarized light make use of linear and circular polarization states, but the introduction of liquid crystal displays as polarizing tools is increasing the interest of understanding elliptical states [12-14]. In certain polarization experiments, like the characterization of birefringent optical elements, the generation and analysis of large sets of elliptical polarization states is required. In practice, this is done using optical elements, such as polarizers and phase retarders that modify a known polarization state. When dealing with linear or circular polarization, it is relatively easy to discern how to use retarders and polarizers to produce a specific polarization state. There is however, a big chance that even experts find some difficulties at generating non-standard polarization states from their mathematical representation. While performing ellipsometry measurements we identified the need to easily translate book definitions of polarization states into positions of the optical elements that generate these states. For instance, consider that you have to measure an undesired change in polarization introduced by a component already characterized, however, it is impossible to experimentally compensate it on the set-up as its description in terms of polarizers and retarders is unknown.  In this work, we present an intuitive and straightforward python-based graphical application built to quickly translate polarization states into angles of physical elements for use in teaching and research environments. Some of the more widely known notations for polarization states were used as input in the 
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software, those are: polarization ellipse parameters and the Dirac notation, which have a direct conversion to Jones calculus and the Poincare sphere [1].   
2. Ellipse of polarization and its representation In the electromagnetic theory of light, optical fields are represented as waves that propagate in empty space. A beam of light can be defined either by its electric or magnetic field, which are periodic and orthogonal between them [11]. Since the magnitude of electric fields is considerably larger than the magnetic fields, the first is usually used to describe the behavior of light in a simple way. According to Fresnel’s theory, the electric field of a beam can be expressed as a pair of sinusoidal oscillations 𝐸𝑥(𝑧, 𝑡) in the plane 𝑥 − 𝑧 and 
𝐸𝑦(𝑧, 𝑡)  in 𝑦 − 𝑧 [15], given by 
𝐸𝑥(𝑧, 𝑡) = 𝐸0𝑥 cos(𝜔𝑡 − 𝑘𝑧 + 𝛿𝑥), (1a) 
𝐸𝑦(𝑧, 𝑡) = 𝐸0𝑦 cos(𝜔𝑡 − 𝑘𝑧 + 𝛿𝑦), (1b)  where 𝜔 is the angular frequency, 𝑡 is the time, 𝑘 is the wave number and 𝑧 is the position in the propagation axis. All those describe the phase of the wave that is expressed as 𝜎 = 𝜔𝑡 − 𝑘𝑧. 𝐸0𝑥 and 𝐸0𝑦 are the maximum amplitudes of the field in 𝑥 and 𝑦; 𝛿𝑥 and 𝛿𝑦 are the initial phases. Applying trigonometric identities, Eq. (1a) and Eq. (1b) can be rewritten as: 
𝐸𝑥(𝑧, 𝑡)
𝐸0𝑥
= cos(𝜎) cos(𝛿𝑥) − sin(𝜎) sin(𝛿𝑥), (2a) 
𝐸𝑦(𝑧, 𝑡)
𝐸0𝑦
= cos(𝜎) cos(𝛿𝑦) − sin(𝜎) sin(𝛿𝑦). (2b)  Multiplying Eq. (2a) and Eq. (2b) by sin⁡(𝛿𝑦) and sin(𝛿𝑥) respectively and subtracting them we get 
𝐸𝑥(𝑧, 𝑡)
𝐸0𝑥
sin(𝛿𝑦) −
𝐸𝑦(𝑧, 𝑡)
𝐸0𝑦
sin(𝛿𝑥) = cos(𝜎) sin(𝛿𝑦 − 𝛿𝑥), (3a)  repeating the procedure using cos(𝛿𝑦)⁡and cos(𝛿𝑥) a second expression is obtained 
𝐸𝑥(𝑧, 𝑡)
𝐸0𝑥
cos(𝛿𝑦) −
𝐸𝑦(𝑧, 𝑡)
𝐸0𝑦
cos(𝛿𝑥) = sin(𝜎) sin(𝛿𝑦 − 𝛿𝑥). (3b)  The sum of the square of Eq. (3a) and Eq. (3b) leads to 
𝐸𝑥
2(𝑧, 𝑡)
𝐸0𝑥
2 +
𝐸𝑦
2(𝑧, 𝑡)
𝐸0𝑦
2 − 2
𝐸𝑥(𝑧, 𝑡)𝐸𝑦(𝑧, 𝑡)
𝐸0𝑥𝐸0𝑦
cos(𝛿) ⁡= sin2(𝛿), (4)  where 𝛿 = 𝛿𝑦 − 𝛿𝑥 is the relative phase shift between components of the electric field. Equation (4) corresponds to an ellipse equation which means that at a fixed point 𝑧 the electric field will describe an ellipse like the depicted in Fig. 1 as the time advances [15].  
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 Fig. 1. Electric field of a beam with elliptical polarization observed (a) at a fixed point z and (b) at a fixed time t. Simplifying the description of polarization ellipses into a geometrical definition, a pair of angular parameters are used: the orientation angle 𝜓(0 ≤ 𝜓 ≤ 𝜋) which is the angle between the larger semi-axis of the ellipse and the 𝑥 axis, and the ellipticity angle 𝜒(−𝜋/4 ≤ 𝜒 ≤ 𝜋/4) [11,15]. Figure 2 presents these parameters.  
 Fig. 2. Polarization ellipse and its angular parameters. Although Eq. (4) is the most general representation to describe the polarization state of light, there are some cases known as degenerate polarization states, which are used in most situations, and frequently taught in optics courses. Those cases are obtained for a particular set of values of 𝐸0𝑥, 𝐸0𝑦 and 𝛿 [16]. Degenerate states of polarization can be contained in three instances: - 𝐸0𝑦 = 0. In this case 𝐸𝑦(𝑧, 𝑡) is zero, so that the field will be described by Eq. (1a), indicating only oscillation of the electric field in the direction of the 𝑥 axis. Thereby, is said that the light is linearly polarized in the 𝑥 direction, or horizontally polarized. Equivalently, if 𝐸0𝑦 = 0 and 𝐸𝑦(𝑧, 𝑡) ≠ 0 there would be oscillation only on the y-axis, and the light is linearly polarized in 𝑦, or vertically polarized.  - 𝛿 = 0 or 𝑛𝜋, Eq. (4) is simplified to: 
𝐸𝑥
2
𝐸0𝑥
2 +
𝐸𝑦
2
𝐸0𝑦
2 ± 2
𝐸𝑥𝐸𝑦
𝐸0𝑥𝐸0𝑦
= 0. (5a)  Isolating 𝐸𝑦 from Eq. (5a) we obtain 
𝐸𝑦 = ±
𝐸0𝑥
𝐸0𝑦
= 𝐸𝑥. (5b)  
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Equation (5b) corresponds to a straight line with slope ±𝐸0𝑥/𝐸0𝑦 and intercept in 0. In this case, the light is linearly polarized with an angle of ±𝐸0𝑥/𝐸0𝑦 (rad). For a value of 𝛿⁡ = ⁡0 the slope is negative, while positive for 𝛿⁡ = ⁡𝜋. If 𝐸0𝑥 ⁡= ⁡𝐸0𝑦, then 𝐸𝑦 ⁡= ⁡±⁡𝐸𝑥 . If the slope is positive, light is linearly polarized at + 45º, and in the opposite case, light is linearly polarized at -45º. - If 𝐸0𝑥 = 𝐸0𝑦 And 𝛿 = (2𝑛 − 1)𝜋/2, Eq. (4) is reduced to 
𝐸𝑥
2
𝐸0
2 +
𝐸𝑦
2
𝐸0
2 = 1. (6)  Equation (6) describes a circle. In this case light has right circular polarization for 𝛿 = 𝜋/2 or left circular polarization for 𝛿 = 3𝜋/2.  The graphical representation of the degenerate polarization states is presented in Fig. 3.   
 Fig. 3. Degenerate polarization states. LHP: Linear Horizontal Polarization; LVP: Linear Vertical Polarization; L+45P: Linear +45 Polarization; L-45P: Linear -45 Polarization; RCP: Right Circular Polarization and LCP: Left Circular Polarization. 
 
2.a. Jones Calculus  Jones calculus is a matrix formulation used to describe the polarization state of light and polarizing components. In Jones formulation, light polarization is expressed by a 2 × 1 vector called Jones vector, where the first component corresponds to the electric field in the 𝑥 axis and the second one the field in the 
𝑦 axis [15]. The Jones vector for a field ?⃗?  is given by 
?⃗? = (
𝐸𝑥
𝐸𝑦
) = (
𝐸0𝑥𝑒
𝑖𝛿𝑥
𝐸0𝑦𝑒
𝑖𝛿𝑦
). (7)  Polarizing components are represented by 2 × 2 matrices which operates on the Jones vectors, and generating a new output vector. In this way, it is possible to determine the emerging polarization state from a polarizing element for a given input. Some of the most used polarizing components are linear polarizers, half-wave plate retarders and quarter-wave plate retarders [15,16]. Those are described by the following matrices: 
𝐽𝐿𝐻𝑃 = (
1 0
0 0
),⁡⁡⁡⁡⁡⁡⁡⁡𝐽𝐻𝑊𝑃 = (
𝑒𝑖(𝜋/2) 0
0 𝑒−𝑖(𝜋/2)
),⁡⁡⁡⁡⁡⁡⁡⁡𝐽𝑄𝑊𝑃 = (
𝑒𝑖(𝜋/4) 0
0 𝑒−𝑖(𝜋/4)
), (8) 
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where 𝐽𝐿𝐻𝑃  is the Jones matrix of an ideal linear horizontal polarizer, 𝐽𝐻𝑊𝑃  and 𝐽𝑄𝑊𝑃 are a half- and quarter-wave plates respectively. Polarizing elements can be oriented in different directions using the rotation Jones matrix 𝑅(𝜃) [15]  
𝑅(𝜃) = ⁡(
cos⁡(𝜃) sin⁡(𝜃)
− sin(𝜃) cos(𝜃))
. (9)  Any polarimetric system can be modeled as the product of the different components that conform it. Particularly, when the input light is polarized (i.e. laser source), a polarization state generator (PSG) with the least energy loss constituted of retarders is defined as 
?⃗? 𝑜𝑢𝑡 = 𝑅
𝑇(𝜃2)𝐽𝑄𝑊𝑃𝑅(𝜃2)𝑅
𝑇(𝜃1)𝐽𝐻𝑊𝑃𝑅(𝜃1)?⃗? 𝑖𝑛 (10)  where ?⃗? 𝑖𝑛 is a known polarization state, usually linear polarization in 𝑥 or 𝑦. ?⃗? 𝑜𝑢𝑡  is the output polarization state obtained with the PSG, 𝜃1 is the angle at which the half-wave plate retarder should be oriented and 𝜃2 the quarter-wave plate angle. Another way to represent polarization states based on Jones calculus, is the Dirac notation. By making use of quantum mechanics notation, it is possible to describe polarization states with a couple of parameters: the phase shift between component 𝛿 and an angular factor 𝛼 = atan⁡(𝐸0𝑥/𝐸0𝑦) [17]. This way a polarization state can be describe under Bra-Kets notation as |𝛼, 𝛿⟩ [17]. Polarization states can also be expressed in the Poincare sphere, where the Stokes parameters are plotted, neglecting the first component (𝑆0) [15]. However, we focused our application to the aforementioned notations.  
3. Calculation of PSG configuration for a desired ellipse Suppose you are given the task to experimentally generate a linear state of polarization defined by any of the following descriptions (Fig. 4). 
 Fig. 4. Simple polarization state in its graphical representation, Jones, Dirac and Poincare notation (left to right). This is an easy task because it is one of the most basic states of polarization. We could either: a) use a 𝜆/2 retarder at an angle of 22.5º with respect to horizontal polarization, or b) locate a polarizer at an angle of 45º along a circularly polarized beam. However, if you are supposed to generate uncommon polarization states, such as the one defined below in Fig. 5., you may encounter great difficulties in any definition you decide to follow. 
ÓPTICA PURA Y APLICADA 
www.sedoptica.es  
 
Opt. Pura Apl. 51(3) 50307:1-9 (2018)  © Sociedad Española de Óptica  
 
 
 
7 
 Fig. 5. Elliptical polarization state in its graphical representation, Jones, Dirac and Poincare notation (left to right).  Even if you are an expert in polarimetry, you will have a tedious time trying to figure out the configuration in which you must set 𝜆/4 and 𝜆/2⁡retarders to generate this state. In order to solve this problem, we developed an easy to use application to translate complex polarization states into angles of laboratory optical elements that create them. This can be useful for educational and research purposes.  
3.a. Transformation of polarization states among notations The state of polarization of light can be parameterized in different ways, by using ellipse parameters and matrix expressions such as Jones or Stokes calculus and Dirac notation [15,17]. There are advantages and disadvantages on each of them, for instance, the ease of visualization, compactness, and difficulty for performing calculations. When using coherent light, optical elements in the laboratory are best represented by Jones Matrices acting on Jones vectors. However, there is not a straightforward relation between representations of polarization states and the position of the retarders that generate a state. Instead, it is possible to simulate the optical elements by using Jones matrices, propagating a known Jones vector, and then see if the vector representations are equivalent. There are analytical transformations between representations and most of them are bidirectional as presented in Fig. 6, with the exception of general Jones vectors which have more variables [15,17]. In order to cope with this limitation, we use the minimization procedure depicted in Fig. 6 and explained below.   
 Fig. 6. Conversion between different representation of polarization state. 
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3.b. Minimization Procedure We implemented a minimization procedure that uses matrix multiplication operations based on Jones vector calculus to find the angles of rotation for the components of a PSG. First, the user introduces a desired ellipse, either by its angular parameters (𝜓,𝜒) or using Dirac notation (𝛼, 𝛿). An initial guess is proposed for the angle orientation (𝜃1, 𝜃2) of the elements, and is used as seed for the minimization procedure, propagating a known input state (LHP) through the described PSG in Eq. (10). Then, the application transforms the resulting Jones vector into Dirac and ellipse angular parameters notation for comparison with the input ellipse. A merit function is used to determine whether the calculated ellipse corresponds to the user request, and the application displays the elements angles and plots the desired ellipse if the error is below 10−5. If the error does not satisfy the minimization criteria (minimum error), a new set of angles is propose based on a gradient minimization algorithm [18]. In Fig. 7. a flow chart illustrates the process of the algorithm.  
 
 Fig. 7. Flow chart for minimization algorithm for polarizing elements angles orientation.  
3.c. Graphical interface The result of this work is a Python based interactive application that runs under the Qt4 graphical interface. It is a simple but intuitive platform, in which you can visualize and translate states of polarization defined from three different representations: Dirac notation, angular ellipse parameters and polarizing elements angle. On the bottom right panel, the ellipse direction and ellipticity angle are set, and then translate those parameters to the Dirac and Lab representations. This will automatically plot the trajectory of the pointing vector from a frontal and isometric perspective, allowing the user to view the polarization ellipse and sense of rotation for non-linear states. On the bottom left panel you can give the state in terms of Dirac brakets 
Give the desired state in its parametrized form and assume an initial 
guess of rotation angles for retarders:             𝜃1⁡ ⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜃2⁡  
Propagate a known input state (LHP) through matrices of rotated retarders. 
ቂ𝑎 + 𝑖𝑏
𝑐 + 𝑖𝑑
ቃ = 𝑹𝑇(𝜃2) ൥
𝑒
𝑖𝜋
4 ⁡ 0
0 𝑒−
𝑖𝜋
4
൩𝑹(𝜃2)𝑹
𝑇(𝜃1) ൥
𝑒
𝑖𝜋
2 ⁡ 0
0 𝑒−
𝑖𝜋
2
൩𝑹(𝜃1) ቂ
1
0
ቃ 
Transform the resulting vector into the desired representation. 
𝐴𝑥 = |𝑎 + 𝑖𝑏|⁡⁡⁡⁡𝛿𝑥 = 𝑎𝑡𝑎𝑛2(𝑏, 𝑎)⁡⁡⁡𝜓
′ = ⁡
1
2
tan−1 ൭
2𝐴𝑥𝐴𝑦
𝐴𝑥2 − 𝐴𝑦2
𝑐𝑜𝑠(𝛿𝑦 − 𝛿𝑥)൱ 
𝐴𝑦 = |𝑐 + 𝑖𝑑|⁡⁡⁡⁡𝛿𝑦 = 𝑎𝑡𝑎𝑛2(𝑑, 𝑐)⁡⁡⁡𝜒
′ = ⁡
1
2
sin−1 ൭
2𝐴𝑥𝐴𝑦
𝐴𝑥2 + 𝐴𝑦2
𝑠𝑖𝑛(𝛿𝑦 − 𝛿𝑥)൱ 
Propose new rotation 
angles 𝜃1′ ⁡and 𝜃2′  
according to a gradient 
based minimization 
algorithm. 
 
Error satisfies minization?  
⁡𝑒𝑟𝑟𝑜𝑟 = ⁡ (𝜓 − 𝜓′)2 + (𝜒 − 𝜒′)2 
 
Translate to other representations and plot the 
corresponding ellipse for visualization 
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and then translate it to ellipse angles. This implementation is open source and can be found in the following GIT repository: https://github.com/bebopsan/Ellipsometry_for_dummies    
 Fig. 8. Ellipsometry for dummies. Final interface in Ubuntu.  
4. Conclusions In conclusion, we designed and implemented a software tool for the identification of angles of rotation of optical elements in order to produce a desired polarization state when horizontal polarization is used as input. The procedure consists of a minimization routine involving Jones calculus and well-known analytical transformations. This method allows a fast and easy transition among notations in a simple way, facilitating teaching and research activities. Since we only analyze completely polarized states, there is no need to use Stokes notation, but further implementations are possible with a generalization where depolarization and diattenuation effects are taken into account. The process of translating polarization states, and finding the angles of optical elements, as well as a graphical representation, was made available to the general public through an open source application based on the Python programming language. 
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